In this paper, we applied successive ultraspherical integration matrices, which are used for the numerical solution of fourth order linear boundary value problem arising in bending of a rectangular beam on elastic foundation. This method is used to approximate for the highest-order derivative and generating approximations to the lower-order derivatives through integration of the highest-order derivative. We can then use the produced equations in the form of algebraic system and hence it is converted to nonlinear programming. Numerical examples illustrated the accuracy and efficiency of the proposed method
Introduction
Fourth order linear BVP has been solved by various numerical methods. Shahid S. Siddiqi et al. [9] have used non polynomial spline to solve fourthorder boundary value problems. Siraj-ul-Islam et al. developed a technique based on quartic nonpolynomial spline functions for approximations to the solution of a system of fourth-order. Riaz A. Usmani developed the method of the solution for fourth-order boundary value problem, considering it to be the problem of bending a rectangular clamped beam of length resting on an elastic foundation.
The aim of this paper is to present ultraspherical spectral integration matrices depends on using ultraspherical polynomials for solving beam bending boundary value problem.
The organization of this paper is as follows: In section 2, we introduce ultraspherical polynomials and some of its properties. In section 3, we presented the procedure of the steps of ultraspherical spectral integration method. In section 4, we introduce a Description of the used method. In section 5, we present numerical results demonstrating the accuracy of our methods for some example of beam bending boundary value problem. Section 6, contains the conclusion of this paper.
Ultraspherical Polynomials and Some Properties:
The ultraspherical or Gegenbauer polynomials with the real parameter ( > − / , 0 α ≠ ), are a sequence of polynomials In the finite domain [ 1, 1] x ∈ − , each degree j satisfies the orthogonality relation respectively as follows:
Here the normalization constant
as Szegö:
The polynomials may be generated by the Rodrigue's formula given as Bell:
where [ / 2] j refers to the integer part of the fraction.
The general expressions for ultraspherical polynomials can be put in the following way: In particular, we have the special values
The fundamental recurrent formulae for ultraspherical polynomials are defined as
with the first two being:
Theorem (2.1):
The m-th integral of the ultraspherical polynomials (2.4) is expressed in terms of ultraspherical polynomials as follows: 
We used an approximation of any continuous function ( ) f x and an approximation of their integrals by interpolating the function with ultraspherical polynomials at two sets of nodes:
• The set of equally spaced points:
• The set of zeros points of the ultraspherical polynomials:
Theorem (2.2):
Proof: See El-Hawary et al.
Ultraspherical Integration Matrices
Many authors presented spectral integration matrices proven successful in the numerical approximation of many types of differential equations such as. Elbarbary presented spectral successive integration matrix where it can be used to construct a Chebyshev expansion method for the solution of boundary value problems. We approximate the integral of a function ( ) f x by interpolating the function with ultraspherical polynomials at the points 1 S and 2 S .
Theorem (3.2):
If ( ) f x is approximated by ultraspherical polynomials, then the m-th integral of ( ) f t is approximated by ultraspherical expansion in the form:
where the entries of m-th ultraspherical integration
are given as follows:
Description of the method
We consider a general fourth order boundary value problem given by
Subject to the boundary conditions: By applying ultraspherical integration method (2.11), the highest derivative of y(x) can be written as
The low-order derivatives ( )
are generated through integration of equation as follows 
The successive integration of equations (4.2) to (4.6) is approximated by ultraspherical integration method as follows: By Substituting the approximation solution in equation of the problem of fourth boundary value problem (4.1) and then we obtain the unconstrained optimization problem, which can be written as
The unconstrained optimization problem (4.7) can be solved using partial quadratic interpolation method (El-Gindy).
Numerical examples
In this section, we will use ultraspherical integration method to get an approximate solution in solving the beam bending boundary value problems, the clamped-clamped beam which belongs to the general class of the boundary value problems in the form: 
(0) (1) 0,
The analytic solution of the above system solution is:
x y x x x e = −
We apply ultraspherical integration method (2.11) the highest derivative of y can be written as ( ) ( ) 6 6 ( ) ( )) and we can be written as:
It can be solved by using partial quadratic interpolation method (El-Gindy).
The following table presents the maximum absolute error, obtained by using ultraspherical integration methods at the points given in 1 S , 2 S and Subject to the boundary conditions:
(0) 0, 
.
We apply ultraspherical integration method (2.11), the highest derivative of y can be written as and we can be written as:
It solved by using partial quadratic interpolation method (El-Gindy).
The following table presents the maximum absolute error, obtained by using ultraspherical integration method at the points given in 1 S , 2 S and 
Conclusion
In this study, ultraspherical integration method has been applied to obtain the numerical solutions for solving beam bending boundary value problem, at the set of equally spaced points or the set of zeros points. The numerical results demonstrated the efficiency and accuracy of the proposed scheme of the method. The numerical results obtained by the proposed method are in a good agreement with the exact solutions available in the literature. By considering that the accuracy of our method depends on specified value of the parameter ultraspherical α . 
